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a b s t r a c t
For a non-local reaction–diffusion problem with either homogeneous Dirichlet or
homogeneous Neumann boundary conditions, the questions of blow-up are investigated.
Specifically, if the solutions blow up, lower bounds for the time of blow-up are derived.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
In this work, we investigate lower bounds for the blow-up time in a non-local reaction–diffusion problem with either
homogeneous Dirichlet or homogeneous Neumann boundary conditions. The parabolic model problem is as follows:
∂u
∂t
= 1u+
∫
Ω
updx− kuq inΩ × (0, t∗), (1.1)
u(x, 0) = f (x) ≥ 0, (1.2)
with either homogeneous Dirichlet boundary conditions
u = 0 on ∂Ω × (0, t∗), (1.3)
or homogeneous Neumann boundary conditions
∂u
∂n
= 0 on ∂Ω × (0, t∗), (1.4)
where ∆ is the Laplace operator, ∂Ω the boundary of Ω , and t∗ the possible blow-up time. By the maximum principle it
follows that u(x, t) ≥ 0 in the time interval of existence. In the present investigation we determine, for solutions that blow
up, a lower bound for the blow-up time t∗ whenΩ ⊂ R3.
In [1,2] the authors studied the question of blow-up for the solution (1.1)–(1.3).
For convenience we set
p = s+ 1 (1.5)
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and rewrite (1.1) as
∂u
∂t
= 1u+
∫
Ω
us+1dx− kuq inΩ × (0, t∗). (1.6)
As indicated in [1] it is well known that if p ≤ q the solution will not blow up in finite time. Also it is well known that
if the initial data are small enough the solution will actually decay exponentially as t → ∞ (see e.g. [3,4]). Since we are
interested in a lower bound for t∗ in the case of blow-up, we are concerned with the case q < s+ 1.
2. Blow-up time for Dirichlet boundary conditions
In this section we derive a lower bound for t∗ if s ≥ 1 and the solution of (1.1)–(1.3) blows up in finite time. To this end
we set, for n > 2,
φ(t) =
∫
Ω
unsdx. (2.1)
Then
dφ
dt
= ns
∫
Ω
uns−1
[
1u+
∫
Ω
us+1dx− kuq
]
dx
= −4(ns− 1)
ns
∫
Ω
|∇u ns2 |2dx+ ns
∫
Ω
us+1dx
∫
Ω
uns−1dx− kns
∫
Ω
uns+q−1dx, (2.2)
where ∇ is the gradient operator.
Upon applying Hölder’s inequality to the second term on the right in (2.2), we have
dφ
dt
≤ −4(ns− 1)
ns
∫
Ω
|∇u ns2 |2dx+ ns|Ω|
∫
Ω
us(n+1)dx− kns
∫
Ω
uns+q−1dx, (2.3)
where |Ω| denotes the volume ofΩ .
For convenience we now set
us = v, α = q− 1
s
< 1. (2.4)
Recall that q < s+ 1. Thus we rewrite (2.3) as
dφ
dt
≤ −4(ns− 1)
ns
∫
Ω
|∇v n2 |2dx+ ns|Ω|
∫
Ω
vn+1dx− kns
∫
Ω
vn+αdx. (2.5)
We now seek a bound for

Ω
vn+1dx in terms of φ and the first and third terms on the right in (2.5).
We first note that∫
Ω
vn+1dx ≤
∫
Ω
vn+αdx
 n−2
n−2α ∫
Ω
v
3n
2 dx
 2(1−α)
n−2α
. (2.6)
Then making use of a Sobolev inequality (see e.g. [3]) we have∫
Ω
vn+1dx ≤
∫
Ω
vn+αdx
 n−2
n−2α

C3/2
∫
Ω
vndx
∫
Ω
|∇v n2 |2
3/4 2(1−α)n−2α
, (2.7)
where
C = 41/33−1/2π−2/3. (2.8)
Then for some positive constant µ to be determined it follows that∫
Ω
vn+1dx ≤ C 3(1−α)n−2α
µ−2(1−α)n−2 ∫
Ω
vn+αdx
 n−2
n−2α

µ
∫
Ω
vndx
∫
Ω
|∇v n2 |2dx
3/4 2(1−α)n−2α 
≤ C 3(1−α)n−2α

n− 2
n− 2αµ
−2(1−α)
n−2
∫
Ω
vn+αdx+ 2(1− α)
n− 2α µ
∫
Ω
vndx
∫
Ω
|∇v n2 |2dx
3/4
. (2.9)
We now use the fact that for some positive constant ν∫
Ω
vndx
31/4 ∫
Ω
|∇v n2 |2dx
3/4
≤ 1
4ν3
∫
Ω
vndx
3
+ 3ν
4
∫
Ω
|∇v n2 |2dx (2.10)
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to obtain∫
Ω
vn+1dx ≤ C 3(1−α)n−2α
[
n− 2
n− 2αµ
−2(1−α)
n−2
∫
Ω
vn+αdx+ 2(1− α)µ
n− 2α

1
4ν3
φ3 + 3ν
4
∫
Ω
|∇v n2 |2dx
]
. (2.11)
Returning to (2.5) we have
dφ
dt
≤ −
[
4(ns− 1)
ns
− 3ns|Ω|
2
C
3(1−α)
n−2α (1− α)µν
(n− 2α)
] ∫
Ω
|∇v n2 |2dx
− ns
[
k− |Ω|C 3(1−α)n−2α n− 2
n− 2αµ
−2(1−α)
n−2
] ∫
Ω
vn+αdx+ ns|Ω|C 3(1−α)n−2α (1− α)µ
2(n− 2α)ν3 φ
3. (2.12)
We next choose µ to make the coefficient of

Ω
vn+αdx vanish and then choose ν to make the coefficient of

Ω
|∇v n2 |2dx
vanish. It follows that for computable K
dφ
dt
≤ Kφ3, (2.13)
or upon integration we have for t < t∗
1
[φ(0)]2 −
1
[φ(t)]2 ≤ 2Kt. (2.14)
It follows then that
t∗ ≥ 1
2K [φ(0)]2 . (2.15)
We have established the following theorem.
Theorem 1. Let u be a classical solution of (1.1), (1.2), and (1.3) for p > q > 1; then a lower bound for the time of blow-up for
any solution which blows up in Ln(p−1) norm (n > 2) is given by (2.15).
3. Blow-up time for Neumann boundary conditions
In this final section we derive a lower bound for blow-up of the solution (1.1), (1.2) and (1.4). To bound the last term on
the right in (2.6), we use the inequality (2.16) of Payne and Schaefer [5], that is∫
Ω
v
3n
2 dx ≤ m1
∫
Ω
vndx
3/2
+m2
∫
Ω
vndx
31/4 ∫
Ω
|∇v n2 |2dx
3/4
, (3.1)
where
m1 = 2
1/2
33/4

3
2ρ0
3/2
, m2 = 2
1/2
33/4

d
ρ0
+ 1
3/2
(3.2)
with for some origin insideΩ
ρ0 = min
∂Ω
xini > 0, d2 = max
Ω
xixi, (3.3)
ni being the ith component of the unit normal vector directed outward on ∂Ω . Using the inequality
apb1−p ≤ pa+ (1− p)b, (3.4)
we have∫
Ω
v
3n
2 dx ≤ m1
∫
Ω
vndx
3/2
+ m2
4σ 3
∫
Ω
vndx
3
+ 3m2σ
4
∫
Ω
|∇v n2 |2dx. (3.5)
for a positive σ to be chosen. Substituting (3.5) into (2.6), we have∫
Ω
vn+1dx ≤
[
n− 2
n− 2αµ
−2(1−α)
n−2
∫
Ω
vn+αdx+ 2(1− α)µ
n− 2α

m1φ3/2 + m24σ 3 φ
3 + 3m2σ
4
∫
Ω
|∇v n2 |2dx
]
. (3.6)
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Returning to (2.5) we have
dφ
dt
≤ −
[
4(ns− 1)
ns
− 3ns|Ω|
2
(1− α)µm2σ
n− 2α
] ∫
Ω
|∇v n2 |2dx
− ns
[
k− |Ω| (n− 2)
n− 2α µ
−2(1−α)
n−2
] ∫
Ω
vn+αdx+ ns|Ω|2(1− α)µm1
(n− 2α) φ
3/2 + ns|Ω| (1− α)µm2
2(n− 2α)σ 3 φ
3. (3.7)
In an argument similar to the one used in (2.12) we choose µ to make the coefficient of

Ω
vn+αdx vanish and then choose
σ to make the coefficient of

Ω
|∇v n2 |2dx vanish. It follows that for computable A and B
dφ
dt
≤ Aφ3/2 + Bφ3, (3.8)
or upon integration we have for t < t∗
t∗ ≥
∫ ∞
φ(0)
dη
Aη3/2 + Bη3 . (3.9)
We have established the following theorem.
Theorem 2. Let u be a classical solution of (1.1), (1.2), and (1.4) for p > q > 1; then a lower bound for the time of blow-up for
any solution which blows up in Ln(p−1) norm (n > 2) is given by (3.9).
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